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ABSTRACT 

Slow crack growth analysis was performed with three different 
loading histories including constant stress-rate/constant stress-rate 
testing (Case I loading), constant stress/constant stress-rate testing 
(Case II loading), and cyclic stress/constant stress-rate testing (Case HI 
loading). Strength degradation due to slow crack growth and/or 
damage accumulation was determined numerically as a function of 
percentage of interruption time between the two loading sequences for 
a given loading history. The numerical solutions were examined with 
the experimental data determined at elevated temperatures using four 
different advanced ceramic materials, two silicon nitrides, one silicon 
carbide and one alumina for the Case 1 loading history, and alumina for 
the Case II loading history. The numerical solutions were in reasonable 
agreement with the experimental data, indicating that notwithstanding 
some degree of creep deformation presented for some test materials 
slow crack growth was a governing mechanism associated with failure 
for all the test materials. 


INTRODUCTION 

Advanced ceramics are candidate materials for high-temperature 
structural applications in heat engines and heat recovery systems. One 
of the mayor limitations of these materials in high temperature 
applications is delayed failure, where slow crack growth (also called 
‘fatigue* or ‘subcritical crack growth’) of inherent flaws can occur until 
a critical size for catastrophic failure is attained. Therefore, it is 
important to evaluate accurately slow crack growth (SCG) behavior 
with a specified loading condition so that reasonable life prediction of 
ceramic components is ensured. 

There are several methods of determining SCG of advanced 
ceramics. Typically, the SCG of ceramics is determined by applying 
constant stress-rate (also called “dynamic fatigue”), constant stress 
(also called “static fetigue” or “stress rapture**) or cyclic stress (also 
called “cyclic fatigue**) to ground specimens or to precracked fracture 


mechanics specimens in which the crack velocity measurements are 
made. Constant stress-rate testing determines the strength for a given 
applied stress; whereas, constant stress and cyclic stress testing 
measures time to failure for given constant stress and cyclic stresses, 
respectively. Of these test methods, constant stress-rate testing has 
been widely utilized for decades to characterize SCG behavior of 
ceramic materials at both ambient and elevated temperatures. The 
advantage of constant stress-rate testing over other methods lies in its 
simplicity: Strengths are measured in a routine manner at four to five 
applied stress rates by applying either displacement-control mode or 
load-control mode. The SCG parameters for life-prediction/design are 
simply calculated from a relationship between strength and applied 
stress rate. Because of its advantages, constant stress rate testing has 
been developed as an ASTM test standard (Cl 368-97) to determine 
SCG parameters of advanced ceramics at ambient temperature [1]. The 
advantages of constant stress-rate testing have also promoted an effort 
to develop a companion test standard to evaluate SCG parameters at 
elevated temperatures , which is under consideration within ASTM C28 
Advanced Ceramics Committee [2]. 

One of the difficulties possibly encountered in elevated-temperature 
testing is that, depending on test conditions (test rate, time, temperature 
and environment) and material, the identification of a governing failure 
mechanism may be obscured by the presence of possible multiple 
mechanisms, particularly with a combination of SCG and creep [3-6], 
Thus, the determined SCG parameters cannot be solely representative 
of one single process, slow crack growth, but a combination of the two 
competing mechanisms. They may also act in series, i.e., creep 
followed by SCG. The underlying basis of the aforementioned SCG 
testing - constant stress-rate, constant stress and cyclic stress testing - is 
the crack velocity formulation in which crack propagation typically 
follows a power-law relation. If the SCG mechanism is dominant for a 
given material/temperature /environmental system, then the SCG 
parameters obtained, in principle at least, should be in a reasonable 
range of accuracy, regardless of test method Furthermore, one must be 
able to predict life and/or strength from any loading history that could 
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be a combination of constant stress-rate/constant stress-rate, constant 
stress/constant stress-rate, or cyclic stress/constant stress-rate loading 
sequences. There have been some experimental attempts to evaluate 
the degree of crack growth or damage accumulation by determining 
‘fast* -fracture “residual” strength of silicon nitride specimens that had 
been subjected to and then interrupted from tensile cyclic loading at 
elevated temperature [7]. However, in general, both analytical work 
and systematic experimental data on this subject rarely exist in the 
literature. 

Consequently, the purpose of this work is to better understand how 
damage (SCG, creep or both) was accumulated with time for given 
loading history leading to failure of advanced structural ceramics at 
elevated temperatures. Numerical solutions of strength degradation in 
conjunction with crack growth were obtained for each loading history 
with a major assumption that the governing failure mechanism was 
slow crack growth. Included in the test matrix were two typical 
methods of constant stress-rate (“dynamid fatigue”) and constant stress 
("static fatigue*’ or "stress rupture”) testing. The SCG and related 
parameters were determined on the basis of these test results. Then, a 
combination of two different loading sequences was applied to test 
specimens and the corresponding strengths were measured to see how 
strength degradation in the form of SCG/damage accumulation took 
place during the combined loading sequences. The combination of 
loading used in this testing included slow test rate/fast test rate (which 
is a combination of constant stress-rate/constant stress-rate testing, 
called here Case I loading history) and static loading/fast test rate (a 
combination of static stress/constant stress-rate testing, called Case II 
loading). The testing was interrupted after the first loading sequence at 
a specified time, and then the specimens were fractured at the second 
loading sequence using a fast test rate of typically 33 MPa/s. The 
experimental results were compared with the numerical solutions. 


THEORETICAL BACKGROUND 
Approach 

Numerical solutions of strength, crack size and other required 
variables for various loading histories are presented in this section. The 
schematic loading history considered in this study is depicted in Fig. 1 . 
The first one. Fig. 1(a), called Case I loading, was a combination of 
two constant stress-rate testing with a fast test rate after a slow test rate. 
A specimen was subjected to a low stress rate. Then, the testing was 
interrupted at a specified time and resumed with a fast stress rate 
until the specimen fractured The second loading history, Fig. 1(b), 
called Case II loading , was a combination of constant stress and 
constant stress-rate testing. The testing was started initially with a 
constant stress, interrupted at a specified test time and then resumed 
by applying a fast stress rate until the specimen broke. The third 
loading history. Fig. 1(c), called Case III loading, which was a 
combination of cyclic stress and constant stress-rate testing, was simply 
a replacement of a static stress used in the Case II loading with cyclic 
stress. The ratio (<p) of interruption time to time to failure is defined as 
follows: 



where *4* is the interruption time and Jj is time to failure of a test 
specimen, subjected to only the first loading sequence (without the 





Fig. 1 Schematics of three loading histories considered: (a) 
Case I loading, (b) Case II loading and (c) Case III loading 


second loading, i.e., (p- 1) which is either constant stress-rate, constant 
stress or cyclic stress, see Fig. 1. The case for <p « 0 represents the 
second loading sequence with no the first loading sequence The 
interruption time was chosen such that the ratio ranged typically from <p 
c 0 to 90 %. 

In many cases, slow crack growth of advanced cer ami cs under 
mode I loading above the fatigue limit, either by stress corrosion at 
ambient temperature or by grain boundary slidin g at elevated 
temperatures, can be expressed by the following empirical power-law 
relation [8] 








( 8 ) 



where v, a, t are crack velocity, crack size, and time, respectively. A 
and n are the material/environment-dependent SCG parameters. K\ is 
the mode I stress intensity factor (SIF), and K ]C is the critical SIF or 
fracture toughness of the material subjected to mode I loading. The 
simplistic analytical solutions of strength in constant stress-rate testing 
and of time-to-failure in constant stress and cyclic stress testing can be 
approximated as follows [9-1 1 ]: 

<Tf-DA<j] V u " (3) 

tfa -D.wr (4) 

t/c=D c [a mn r (5) 

where <jyis the fracture strength corresponding to the applied stress 

rate (<r) in constant stress-rate testing, ty M is the time to failure 
subjected to a constant applied stress (a) in constant stress testing, and 
tfc is the time to failure subjected to the maximum applied stress (an**) 
in cyclic stress testing. The parameters D’s can be expressed as follows 
[9-11]: 
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where S { is the inert strength and B = 2K\d[AY\n-T)] with Y being the 
crack geometry factor in the relation of K\ * Yaa in . J(t) is a periodic 
function in cyclic loading specified in o(t) = with a range of <K 

fit'll, and r is the period. The SCG parameters n and B (or A) can be 
obtained by a linear regression analysis with experimental data in 
conjunction with an appropriate equation, Eq. (3), (4) or (5), depending 
on the type of loading. 

To obtain more generalized, convenient and accurate SCG analysis, 
several parameters that are commonly specified in the conventional 
analytical solutions (Eqs. 3 to 6) have to be minimized. This can be 
done by using a normalization scheme, as used in the previous studies 
[12,13]. The normalized variables utilized in the numerical approach 
were as follows [13,14]: 



where K* t J> C*, a*, ct*^ and a * are, respectively, normalized stress 
intensity factor, normalized time, normalized crack size, normalized 
applied stress, normalized maximum applied stress (in cyclic loading) 
and normalized stress rate, ty is the critical crack size in the inert 
condition, or is the initial crack size. Using these variables, the crack 
propagation rate of Eq. (2) yields 


The normalized SIF, in constant stress-rate and cyclic (sinusoidal) 
stress testing can also be expressed, respectively [13,14] 

K*=<tV[C*] ,/j (9) 

2 2 A 

where R is the stress (or load) ratio, defined as R - 0b«/oinm with 
being the minimum applied stress in cyclic loading, and a? is the 
angular velocity. The normalized SIF for constant stress loading is 
simply reduced to the case with both/? = 1.0 and 0 *^= 0 * in Eq. (10). 

The differential equation Eq. (8), together with Eqs. (9) and (10), 
was solved numerically using a fourth-order Runge-Kutta method for a 
given loading history. The initial condition was C* * 1 .0 at J = 0. The 
instability conditions were K* = 1.0 and dK*/dC* > 0. The solution in 
cyclic loading was independent of frequency [14]; hence an arbitrary 
value of gxj/A = 100 was used in the analysis. At interruption time, 
Jint, the corresponding variables including crack size, stress, stress 
intensity factor and time were provided to the next (second) loading 
sequence so that the required variables were determined until an 
instability condition was reached Included in the typical input data 
were n t R? a* and o*n»x* The major assumption in the analysis was 
that only one mechanism, i.e., slow crack growth, was associated with 
failure. 

Results of Numerical Solutions 

Strength 

Normalized strength (a*/) as a function of percent of interruption 
time (<p = JjrtfJf) for the Case I loading history is shown in Fig. 2. Six 
different values of n ranging from w = 5 to 160 were employed. For 
each ft value, the initial slow stress rate of & * = lxlO' 3 was followed 
by the second loading which was chosen as & * = lxlO* 4 , lxl0‘ 3 , lxlO' 2 
and lxlO* 1 . The choice of this range of a * was based on the typical 
range of applied stress rates commonly used in the actual constant 
stress-rate testing [1]. For the case of n = 5 where SCG susceptibility 
is high, the strength degradation with respect to the strength at <p = 0 
depends on interruption time, particularly with increasing stress rate. 
The maximum strength degradation of about 16 % and 10 % occurred 
at <p = 90 %, respectively, for the highest stress rate of a • = lxlO* 1 and 
for the lowest rate of <r* = lxlO* 4 . This indicates that the initial 
loading up to <p - 90 % resulted in somewhat appreciable crack 
growth/damage-accumulation. For n = 10, the maximum strength 
degradation was about 3 % both at &*= lxlO' 1 and lxlO* 4 . For the 
case of higher resistance to SCG, rt £ 20, the strength degradation was 
negligible with less than 0.6 % at tp * 90 %, indicating that crack 
growth/damage-accumulation rarely occurred during the first loading 
sequence. Therefore, it is concluded that for h £ 20 which is he case 
for most silicon nitrides and silicon carbides at elevated temperatures 
the first loading sequence would not have any significant influence on 
crack growth/damage, leading to negligible strength degradation. The 
second loading rate, which is at least one order of magnitude greater 
than the first one, controls exclusively the strength via crack growth. 
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Fig. 2 Numerical results of normalized strength (a*/) as a function of percent of Interruption time (?) for different values of 
slow crack growth (SCO) parameter n in Case I loading 
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An analysis on how a crack grows under a given loading history will be 
presented in a later section. 

The results of strength as a function of percent of interruption time 
(= (p) for the Case II loading history, a combination of constant stress 
and constant stress-rate testing. Fig. 1(b), is presented in Fig. 3. Two to 
three different normalized applied stresses, ranging from o* = 0.2 to 
0.95 depending on u value, were used for each n value. Since the 
susceptibility to SCG decreases with increasing n, higher applied stress 
with narrow range was employed for higher n value. Two test rates of 
a*= lxl O' 3 and IxlO* 1 were used in the second loading sequence. As 
in the Case I loading, for n £ 10, strength degradation was significant to 
interruption time, particularly at both lower applied stress and higher 
stress rate of a * * IxlO’ 1 . For n £ 20, strength degradation for a given 
value of <p was independent of either applied constant stress (a*) or 
applied stress rate. However, the overall degree of strength degradation 
occurring for the whole range of n's was greater in the Case II loading 
than in Case I loading. For n = 5, the maximum strength degradation 
of 42 % occurred at <p = 90 % with a loading combination of a* = 0.2 
and a * = IxlO* 1 . For n =10, about 20 percent strength degradation 
was observed at <p = 90 % for the combination of o* = 0.3 andcr * = 
IxlO' 1 . For n't 20, the maximum strength degradation of 10 %, 5 %, 3 
% and 1 % took place, independent of a * , for n =20, 40, 80 and 160, 
respectively. More dependency of strength degradation on interruption 
time (<p\ compared with the Case I loading, implies that the first, 
constant-stress loading sequence resulted in more crack 
gro wth/damage-accumul ati on, thus leading to lower strength when the 
damaged specimen was subjected to the second constant stress-rate 
loading sequence. 

The results of strength as a function of interruption time {(p) for the 
Case El loading, a combination of cyclic stress and constant stress-rate 
loading, see Fig. 1(c), is shown in Fig. 4. The second constant stress- 
rate loading sequence was preceded by the first, sinusoidal cyclic stress 
with a R-ratio of R = 0.1, until the specimen failed. Two to three 
different normalized maximum applied stresses, ranging from o* x «« * 
0.2 to 0.95, were used for each n value. Note that cr*™ applied in the 
Case IE loading was identical in magnitude to o* applied in the Case n 
loading. As in the case U loading, two stress rates of 6 * = IxlO* 3 and 
IxlO" 1 were also used in the second loading sequence. Comparing the 
results in Figs. 3 and 4, it can be readily evident that for the given n and 
0*^01 = o* strength degradation in the Case HI loading was almost the 
same as that in the Case H loading. It should be noted that constant 
stress (Le., R = 1 .0) results in much longer life than cyclic stress with R 
* 0.1 [1 1,14]. However, in terms of strength degradation as a function 
of percent of interruption time, either constant stress (Case II loading) 
or cyclic stress (Case m loading) yielded the same result 

Slow Crack Growth 

Typical examples of crack growth/damage-accumulation subjected 
to the three different loading histories are presented in Fig. 5 for both n 
=10 and 20. The figures show how an initial crack grows with time 
during the whole loading history until failure occurs. The loading 
combinations employed for each n were as follows: &* = IxlO’ 5 
(l - y<7* = IxlO' 1 for Case I loading; o* = 0.5 (l rt y<r*= IxlO' 1 (2 nd ) 
for Case H loading; o*^ = 0.5 (l*y& * = IxlO* 1 (2 nd ) for Case m 
loading. Note again that the case of q> = 1.0 represents only the first 
loading sequence applied 


a) For n =10 (Fig. 5A). For the Case I loading (Fig. 5A(a)X an 
initial crack subjected to only the first loading sequence of d * = IxlO* 5 
(Le., <p = 1.0) remained almost unchanged in size for a long time, but 
started to grow very quickly at J £ 0.3848 xlO 3 until failure time of J/= 
0.3849 x 10 5 . This indicates that the initial crack started to grow to 
instability at a time greater than 95 % of failure time. Therefore, any 
interruption of loading below q> = 95 % did not give any significant 
crack growth so that the resulting strength after the second loading 
sequence remained unchanged (compared with the strength at <p = 0), 
irrespective of interruption time. This is also reflected as an 
insignificant strength degradation with respect to the strength at q> = 0, 
as shown in Fig. 2 for n = 10. Similar behavior as in the Case I 
loading was also observed in the Case II loading (see Figs. 5A(b)). 
Most major crack growth occurred close to and/or at failure time. 
However, during the first static loading sequence, an initial crack 
started to grow earlier and greater in size than that of the Case I 
loading. Hence, the resulting critical crack size after the second 
loading sequence of &*= IxlO' 1 was increased with increasing 
interruption time (<p). As a result, strength degradation as a function of 
(p became much greater, compared with that of the Case I loading (see 
Fig. 3 for n = 10). For the Case HI loading, crack growth behavior in 
terms of interruption time was almost identical to that of the Case II 
loading, as can be seen by comparing Fig. 5A(b) with Fig. 5A(c). The 
only difference between Case H and HI loading lied in time to failure: 
Time to failure for a given n is always greater in cyclic (R = 0.1) than 
in constant stress (R = 1.0) loading [11,14]. Therefore, the resulting 
strength as a function of percent of interruption time (<p) remained the 
same for either Case II (static) or Case ID (cyclic) loading history, as 
shown in Figs. 2 and 3 for n = 10. 

b) For n = 20 (Fig. 5B). For the case of n = 20, the overall trend in 
crack growth behavior was very similar to the case of n = 10. Note 
again that an initial crack started to grow close to and/or at failure time, 
independent of the type of loading history. However, because of 
higher resistance to SCG in case of n = 20 the critical crack size at 
instability between q>=0 and 0.9 was all smaller (and less dependant 
on interruption time) than that of the case for higher SCG susceptibility 
with n = 10. As a consequence, strength degradation as a function of 
interruption time (q>) was less significant compared with that of n = 10 
(see Figs. 2 through 4 for n = 20). 

Based on the numerical results on strength and crack growth, it can be 
summarized that strength degradation due to crack growth or damage 
accumulation as a result of the first loading sequence depends on 
interruption time <p and SCG parameter n for a given loading history. 
The strength degradation or degree of crack growth/damage- 
accumulation as a function of interruption time was significant for lower 
SCG parameters n ^ 10, but became insignificant with increasing SCG 
parameter of n 20. This trend was observed more dominant for the 
Case I loading than the Case II or HI loading history. The key factor that 
governs such strength degradation or crack growth behavior was that an 
initial crack started to grow typically close to and/or at failure time after a 
substantially long incubation time. This long incubation time, unique to 
ceramic materials exhibiting n £ 20, was also a basis of the accelerating 
test methodology in constant stress-rate testing where depending on n 
value appropriate preloading can be applied to test specimens prior to 
testing, thus saving a significant amount of test times [1 5]. 
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Fig. 3 Numerical results of normalized strength (a*ij as a function of percent of interruption time (q>) for different values of 
slow crack growth (SCO) parameter n in Case II loading 
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F!g. 4 Numerical results of normalized strength (o*/) as a function of percent of interruption time (tp) for different values of 
slow crack growth (SCG) parameter n In Case III loading 
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Flfl. 5 Numerical results of normalized crack size (C*) as a function of time (J) for different values of interruption time (?) 
in three loading histories: [A] For SCG parameter n ■ 10; [BJ For SCG parameter n ■ 20 








EXPERIMENTAL PROCEDURE 

In order to verify the numerical solutions, experiments to cover 
different loading histories as specified in Fig.l, was conducted at 
elevated temperatures. The nominal dimensions of rectangular-beam 
test specimens in accordance with test method ASTM C-1211 [16] 
were 3 mm by 4 mm by 50 mm, respectively, in height, width and 
length. Test specimens were subjected to appropriate flexural loading 
depending on the type of loading history using SiC four-point flexure 
fixtures with 20-mm inner and 40-mm outer spans via 
electromechanical and servo-hydraulic test frames (Instron Models 
8562 and 8501). All test specimens were equilibrated at test 
temperatures for about 20 min prior to testing. Four different materials 
including 96 wt % alumina, NCI 32 silicon nitride, AS800 silicon 
nitride, and Hexoloy silicon carbide were used in the Case I loading, 
while only 96 wt % alumina was used in the Case U loading. The 
reason for the choice of alumina in both Case I and II testing was that 
unlike other materials, 96 wt % alumina has exhibited a considerably 
small strength scatter with a Weibull modulus typically greater than 20 
at either ambient and elevated temperatures [6]. Hence, it would be 
possible to see material’s response to life and strength more clearly and 
accurately with even a small number (about 5 at each condition) of test 
specimens. Also note that the alumina was very susceptible to SCG at 
elevated temperatures 2 800°C with significantly low values of SCG 
parameter of n = 7-12 [17], so that it would be much easier using the 
alumina to scrutinize the influence of SCG/damage-accumulation on 
the combined loading sequences more accurately. The experimental 
work for the Case IE loading was not conducted in this study, primarily 
due to limited availability of test specimens. 

a) Casa I loading 

Li the Case I load testing, the loading history included a slow test 
rate of 0.033 MPa/s for the first loading sequence and then a fast test 
rate of 33.33 MPa/s for the second loading sequence. The percentage 
of interruption time (<p = t^Jt^ ranged from <p - 70 to 90 %. The 
average failure time (= tj) of test specimens only subjected to the first 
loading sequence (with 0.033 MPa/s) was detennined from the 
previous studies [6,18], and used here as a reference value to calculate 
Jo* for a given value of <p. Four ceramics including 96 wt % alumina, 
NCI 32 silicon nitride, AS800 silicon nitride, and Hexoloy silicon 
carbide were tested at temperatures of 1000, 1100, 1200 and 1371°C, 
respectively. Typically a total of five specimens, depending on 
material, were used at each value of p. The major mechanical and 
physical properties of the test materials such as Young’s modulus, 
density, fracture toughness, strength and slow crack growth can be 
found elsewhere [18]. 

b) Case l! hading 

Constant stress (“static fatigue”) testing for 96 wt % alumina was 
first conducted in flexure at 1000°C to determine SCG behavior and 
thus to obtain the time-to-failure data Four different applied stresses 
ranging from 50 to 100 MPa were employed, with a total of five to nine 
specimens tested at each applied stress. The Case II loading history 
consisted of a constant stress (for the first loading sequence) and a fast 
stress rate of 33.33 MPa/s (for the second sequence). Two applied 
stresses of 50 and 65 MPa were used in the first loading sequence. 
Three different values of interruption time, p = 60, 75 and 90 %, were 
utilized at each applied stress, with a total three to five specimens tested 
at each interruption time. 


EXPERIMENTAL RESULTS AND DISCUSSION 

(a) Case I Loading 

The results for the Case I loading tests for 96 wt % alumina, NC132 
silicon nitride, AS 800 silicon nitride and Hexoloy silicon carbide are 
summarized in Fig. 6. The figure included flexure strength as a 
function of percent of interruption time <p for each material The 
horizontal line represents the strength detennined with zero interruption 
time p - 0, that is, the 4 fast’ -fracture strength evaluated at 33.33 MPa/s 
[6,18]. The three materials including NCI 32 and AS 800 silicon 
nitrides and Hexoloy silicon carbide exhibited a somewhat appreciable 
variation (in average sense) in strength between <p * 0 and p = 80 or 90 
%. It is believed that this was attributed to the inherently large 
strength scatter, typical of advanced ceramics that ranges commonly 
from 10 to 13 in Weibull modulus. By contrast, 96 wt % alumina 
exhibited a very small scatter, thus readily concluding that the 
difference in strength between q> = 0 and p = 80 or 90 % was 
insignificant 

(b) Case II Loading 

Figure 7 shows the results of constant stress testing for 96 wt % 
alumina at 1000°C. The slow crack growth parameters n and D $ in Eq. 
(4) were determined as n * 9.8 and D, * 4.69X10 20 with units of ‘MPa’ 
in stress and ‘second’ in time. Note that SCG parameter n determined 
from constant stress testing was in reasonable agreement with n = 8.3 
from constant stress-rate testing determined from a previous study [6]. 
The results of the Case II loading tests was presented in Fig. 8, where 
strengths determined at 33.33 MPa/s, after the first loading sequence of 
constant stress of 50 or 65 MPa, was plotted as a function of percent of 
interruption time (p). As seen in the figure, the strength exhibited a 
significant scatter particularly at p = 75 and 90 %, much greater than 
that exhibited in the Case I loading history for the same alumina 
material. It is believed that this was attributed to the fact that no exact 
failure time of each individual test specimen subjected to the Case Q 
loading could be known and that as a result the actual corresponding 
interruption time for each test specimen could not be <k*eraiined. This 
will be discussed in a later section. 

(c) Comparison of Experimental Data with Numerical Solutions 

The comparison of strength as a function of <p between the 

experimental data and the numerical solutions for each loading history 
was made and presented in Figs. 9 and 10. The reduced strength (<r r *) 

used here was defined such that strength determined at any given value 
of p was normalized with respect to the strength determined at p = 0, 
which is expressed as follows: 



where a 9 is the strength at any given value of (which is determined 

at a fast test rate of 33.33 MPa/s after the first loading sequence) and 
is the strength determined at p * 0 (which is simply the ‘fast’- 

fracture strength determined at 33.33 MPa/s without any first loading 
sequence). 

i) Case / hading. As seen in Fig. 9, except for 96 wt % alumina, 
the discrepancy between the experimental mean-strength data and the 
numerical solutions was somewhat large. However, as aforementioned, 
considering low Weibull modulus (10-13) typical of many advanced 
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Fig. 6 Experimental results of flexural strength as a function of percent of interruption time (<p) for Case I loading tests, 
determined from 96 wt % alumina, NC132 and AS800 silicon nitrides, and Hexoloy silicon carbide at elevated 
temperatures. Each solid line represents the mean strength at <p=0. 
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Fig. 7 Experimental results of constant stress (“static fatigue”) testing for 96 wt % alumina at 1000°C. A prediction made 
from the constant stress-rate (“dynamic fatigue") testing data [6] was Included as a dotted line. 
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Fig. 8 Experimental results of flexure strength as a function of percent of interruption time [<p) for Case II loading tests, 
determined from 96 wt % alumina at 1000°C. Two different constant stresses of 50 and 60 MPa were employed. The solid 
line represents the mean strength at p= 0. 
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Fig. 9 Comparison of experimental data with numerical solutions (“theoretical”) in Case I loading: (a) 96 wt % alumina, 
(b) NCI 32 silicon nitride, (c) AS800 silicon nitride, and (d) Hexoloy silicon carbide. Error bars represents ±1.0 standard 
deviation, normalized with respect to a mean strength at <p=0. 
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ceramics including the test materials (except 96 wt % alumina), the 
discrepancy is believed rather statistically insignificant The 
experimental data for 96 wt % alumina which exhibited a considerably 
small strength scatter were in good agreement with the theoretical 
prediction. Based on the results shown in Fig. 9, several conclusions 
were made. First, the governing mechanism associated with failure for 
these test materials was slow crack growth. Some materials such as 
alumina and NCI 32 silicon nitride exhibited some degree of creep 
deformation (£ 0.2 % creep strain) at a lower test rate of 0.033 MPa/s. 
Despite such creep mechanism presented, the agreement between 
experimental data and prediction was still reasonable, implying SCO to 
be a dominant failure mechanism. Second, the phenomenon typical of 
advanced ceramics, which showed numerically that for n £ 10 in 
constant stress-rate condition an initial crack started to grow at and/or 
dose to failure time after a long incubation time, was verified This 
was verified from the results that percent of interruption time up to <p- 
90 % did not show any significant crack growth or damage 
accumulation, as reflected in insignificant strength degradation. This 
‘long-incubation’ phenomenon was also validated previously by the 
accelerating test technique developed in constant stress-rate testing 
[15]. Finally, the slow crack growth formulation of Eq. (2) well 
described the actual SCG behavior of the test materials at elevated 
temperatures. Note that the numerical solution was made exclusively 
based on such SCG formulation so that if poor agreement would exist, 
then it would be indicative of inapplicability of the SCG formulation to 
the actual material behavior. 

ii) Case If loading. The reduced strength as a function of percent 
of interruption time (<p) for 96 wt % alumina is presented in Fig. 10. 
Unlike the Case I loading history (Fig. 9), the difference between the 
experimental mean-strength data (with ‘triangle’ symbols) and the 
theoretical prediction was amplified even for the same alumina 
material The reason for this discrepancy can be reasoned as follows. 
Because of the two combined loading sequences, no exact failure time 
of each individual test specimen exclusively subjected to the first 
loading sequence (constant stress) could be known so that the actual 
interruption time for each test specimen can never be determined. Note 
that the (nominal) time-to-failure at each applied stress was taken as an 
average Mure time determined from the specimens subjected to 50 
MPa or 65 MPa The corresponding interruption time was calculated 
simply from a relation of fa = <p tj for a given value of <p. Furthermore, 
as seen in Fig. 7, the scatter in time to failure was greater than that of 
strength typically observed in constant stress-rate testing [6], thus 
further increasing the uncertainty in failure time. Therefore, some 
specimens would have been actually subjected to greater interruption 
time than the nominal interruption time, while other specimens to less 
interruption time. As a consequence, this would have resulted in 
difference in SC G/ damage-accumul ati on even with the same nominal 
<p, thereby resulting in a wide scatter in strength. The discrepancy 
would be small if the strength at lower end of data points, which would 
be close to the actual failure-time data, was used, as shown in the figure 
with the ‘circle’ symbol. Certainly, the discrepancy will be diminished 
if a large number of test specimens are used. 

(d) Comparison of SCG Behavior between Constant Stress-Rate 
and Constant Stress Testing 

As stated before, the SCG parameter rt for 96 wt % alumina was in 
reasonable agreement between constant stress-rate and constant stress 
testing with the respective values of n = 8.3 and 9.8. It is possible to 
onvert the SCG data from one test method to another by using the 
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Fig. 10 Comparison of experimental data with numerical 
solutions (“theoretical”) in Case II loading tests f or 06 wt % 
alumina at 1000°C. Each data point with ‘triangle’ symbol 
represents an overall mean strength value (normalized). 
The data points with ‘triangle’s* symbols (inner cross- 
marked) represent the lower-end strength values 
(normalized) from the data In Fig. 8. Error bars were omitted 
from plots for clarity. 


appropriate relations shown in Eqs. (3) to (6). The resulting 
comparison is depicted in Fig. 7, where the prediction from constant 
stress-rate (“dynamic fatigue”) [6] to constant stress (“static fatigue”) 
testing was included as a dotted line. Considering the inherent scatter 
in time to Mure, reasonable agreement was found between the two 
data, implying that the mechanism associated with failure for both 
cases was presumably slow crack growth. It was observed that creep 
deformation in constant stress testing was much greater than that in 
constant stress-rate testing, since test time was much longer in constant 
stress testing. A maximum creep strain of about 0.4 % was found for 
the test specimens subjected to an applied stress of 50 MPa. In spite of 
such appreciable creep deformation, overall agreement between the two 
test methods was reasonable, again indicative of SCG as an operative 
failure mechanism involved in both constant stress-rate and constant 
stress testing for this material system. However, some effect by creep 
deformation, particularly in constant stress (“static fatigue”), should not 
be overlooked, since some stress redistribution would be expected for 
test specimens subjected to long-tom, constant stress testing. This 
creep effect, of course, becomes more dominant at higher temperatures, 
resulting in more deviation between the two test methods. 

Since the predictions of strength were in reasonable agreement with 
experimental data, independent of the type of loading history or the 
type of testing, it is concluded that slow crack growth was a unique 
mechanism associated with failure for 96 wt % al umina as well as for 
other test materials. Therefore, it is feasible in principle uring the 
numerical analysis developed in this work to predict life and/or strength 
degradation for any given simple or complex loading history as long as 
an explicit mathematical expression of load history can be made More 
importantly, the analysis can be used in conjunction with appropriate 
experiments -using one of three loading histories- to promptly assess a 




governing failure mechanism involved in the conventional life- 
prediction testing, which could be either constant stress-rate, constant 
stress, or cyclic stress testing. Furthermore, the analysis would be 
possible to be used at least as a quantitative tool for damage assessment 
by estimating/predicting crack growth/damage-accumulation of a 
structural component in service. A verification run for the numerical 
analysis for the Case III loading history was not made in this work, so 
it will be a subject of future study. 


CONCLUSIONS 

1) For n £ 10, simulated strength degradation as a function of 
percent of interruption time was significant for all the Case I, K and m 
loading histories. For the given interruption time <p and n, the 
degradation was greater in constant or cyclic stress (Case H or HI) than 
in constant stress-rate loading (Case I). By contrast, for n £ 20, the 
degradation became negligible either for the Case I, II or HI loading 
history. 

2) The numerical solutions of strength degradation were examined 
using the experimental data determined at elevated temperatures from 
four different advanced ceramics -two silicon nitrides, one silicon 
carbide and one alumina- for the Case I loading history, and from 
alumina for the Case II loading. The experimental data was in 
reasonable agreement with the numerical solutions for both loading 
histories. Also the phenomenon typical of advanced ceramics, which 
has shown that in constant stress-rate condition an initial crack starts to 
grow at and/or close to failure time after a long incubation time, was 
verified 

3) The numerical analysis that assumed slow crack growth as a 
governing failure mechanism was in good agreement with the 
experimental data. Despite some degree of creep deformation 
presented, slow crack growth was presumably a significantly operating 
failure mechanism involved in all the test materials, regardless of type 
of loading history or type of test method Notwithstanding some 
deviation, there was also reasonable agreement in SCG behavior 
between constant stress-rate testing and constant stress testing for 96 wt 
% alumina. This supports that the widely utilized SCG formulation of 
v = A[K { /KrcT described reasonably the slow crack growth behavior of 
the test materials. 

4) It appears that the analysis in conjunction with proper 
experiments, using one of three loading histories (Case I preferred), 
may be utilized as a tool for damage (SCG and creep) assessment of 
test specimens subjected to conventional life prediction testing. 
However, care must be exercised when several failure mechanisms 
such as SCG, creep and oxidation are actively operating in series at 
higher temperatures. A convenient analytical tool(s) accessible to such 
combined conditions, currently not available though, is inevitable. 
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